Various exact solutions of two-particle eigenvalue problems for nonrelativistic contact four-fermion current-current interaction are obtained. Specifics of Goldstone mode is investigated. The connection between a renormalization procedure and construction of self-adjoint extensions is revealed.
Introduction
Models with contact four-fermion interaction are considered in a wide range of problems both in solid medium and in quantum field theory. It is well known that in quantum field theory such interaction is nonrenormalizble in the frames of conventional perturbation approach. In the present work we give explicit solutions for two-particle eigenvalue problem clarifying the meaning of renormalization in these models. We show the different kinds of the solutions correspond to different renormalization schemes which imply different self-adjoint extensions for Hamiltonian in two-particle sector.
Contact four-fermion models
Let us consider the following Hamiltonians:
defining: x = ( x, t = x 0 ), P x = −i ∇ x , ǫ αβ = −ǫ βα , χ(x) = ǫ αβ Ψ α (x) Ψ β (x), Here E(k) is arbitrary "bare" one-particle spectrum, V * has a meaning of excitation volume, which could be connected with momentum cut-off Λ: 6π 2 /V * = Λ 3 . The second Hamiltonian is invariant under (global) SU I (2) × SU A (2) × U(1) transformations and corresponding generators can be found to be: 
S(x)
which under condition u a v a = 0 for a = 1, 2 lead to reduced Hamiltonians in normal form exactly diagonalizable above relevant vacuums:
When v 1,2 take independently values 0,1 the diverse realizations correspond to different systems: 1) B-system:
ab be an arbitrary constant SU A (2) matrix, then the HF has the form:
One can check, that respective vacuum state | 0 B is singlet for both SU I (2) and SU A (2) groups and the one-particle excitations of B andB form corresponding fundamental representations.
2) C-system:
where the analogous to (10) definitions are used. The symmetry structure of this system is also similar to B-system. 3) A-system: v 1 = 0, v 2 = 1 (or vice versa). It will be considered in detail. Let
, and let f ab be again an arbitrary constant SU A (2) matrix, then for E 2,1
where:
Using (2), (3) and (12) it is a simple matter to show that for system A the SU A (2) and U(1) symmetries turn out to be spontaneously broken and there are four composite Goldstone states, created by operators:
2 , as well as:
we can formulate both scattering and bound state two-particle eigenvalue problems in the Fock space created by the kinetic part of the reduced HamiltonianĤ (4), (7):
(Q,Q ′ stands for creation operators A,Ã, or B,B, or C,C) in terms of Schrödinger equation for corresponding wave function:
In order to search its finite renormalized solutions, let us suppose at first only some general properties of "bare" parameters:
It is not hard to check that under these conditions eq. (18) has, for the {−} case, a simple solution independent from the very form of "bare" spectrum:
what performs obvious generalization on P = 0 of the Goldstone states (13)
manifesting their Galileo invariance. The obtained solution (19) can be interpreted as bound state, in spite of the fact that its configuration wave function is delta-function and cannot be normalized by standard way. The relevant functional space will be specified bellow. Nevertheless the corresponding pole is exactly canceled in T-matrix (which vanishes with Λ → ∞), what indicates that the state (19) appears as a bound state embedded in continuum. This collective Goldstone excitation (19), (20) in AÃ channel may be associated with spin-flip wave in some ferromagnetic medium [1] .
To discuss bound states of identical particles {+} of AA orÃÃ we need more detailed form of "bare" spectrum. Supposing its quadratic form, one can find from (4), (6) that in one particle sector:
A0 ; where,
For given g(Λ), one can always choose the dependence of "bare" parameters m(Λ), E 0 (Λ) on cutoff Λ leaving M(Λ), E 0 (Λ) finite when Λ → ∞, whereas g(Λ) may be governed by two-particle eigenvalue problem. Really, when (21) is held the eq.(18) in configuration space is reduced, for example for "Toy" model (1) , to the Schrödinger equation with singular delta-potential (here c → ∞, M → m):
Its formal solutions [2]
contain arbitrary real parameter b of self-adjoint extension, appearing in additional boundary conditions at the point x = 0 (25), what are easily extracted from usual normalization conditions of the formal solutions (24):
Indeed, e.c., for the scattering state one obtains
that leads to (25). The point is, since δ 3 ( x) is not an operator in ordinary sense , our quantum mechanical Hamiltonin (23) is not well-defined on the whole Hilbert space but only on the subspace ψ(0) = 0 and needs some redefinition and extension. The construction of welldefined self-adjoint extension for such singular ill-defined operators needs additional boundary conditions (25) [2] , [3] . At the same time, neither λ 0 nor ψ(0) have a meaning separately, but their product is meaningful. On the other hand, the bound state equation (if it exists) with cut-off prescription plays a role of transmutation condition of cut-off Λ and "bare" coupling constant into the unknown binding parameter b [4] . In other words, the above self-adjoint extension under using Λ-cut-off prescription implies the following subtraction procedure with fine-tuning substitution [2] for
From (25), (29) we notice that as well as in two-dimensional case [4] , [5] , there are no direct relationship between the nature of point interaction and the sign of the quartic contact selfinteraction. But the most important lesson is that we can formulate renormalization conditions as additional boundary conditions (25) without any reference to Λ-cut-off regularization. For the model (2) we face with the more singular potential, studied in [6] , [7] , [8] :
The last term in (30) may be omitted for states with the orbital momentum l = 0 after integration over unit sphere of q-directions. As was shown in [6] , construction of self-adjoint extension for such strongly singular Hamiltonian generally requires the use of space with redefined indefinite metric (belinear form) in order to include wave functions with r −1 and δ -singularities (already appeared above for Goldstone state):
(ϕ s,a -are regular functions near r = 0), and forthcoming narrowing it onto the invariant subspace with positively defined metric. The narrowing conditions introduce again arbitrary real parameters α 0 , β, marking corresponding self-adjoint extensions:
and give a simple solutions. For l = 0 the solutions [6] read (for β > 0 only one bound state exists): tan η q = q(α 0 + βq 2 ),
and satisfy for our case the following boundary-renormalization conditions, generalizing (25):
However, it seems impossible to obtain the last self-adjoint extensions in the frameworks of Λ cut-off regularization and so, impossible to connect directly λ 0 , µ 0 , with α 0 , β. Thus, α 0 , β appear to be independent from P that leads to restoration of Galileo invariance for obtained solutions (33), (34). For β = 0 we come back to results of "Toy" model. For l ≥ 1 the scattering and bound states are absent.
The Λ-cut-off prescription and fine tuning.
In order to try to understand the second Hamiltinian on the language of Λ cut-off prescription let us put:
Further:
. . ; and so for: ν(Λ), ǫ(Λ), γ(Λ).
For G 0 , ν 0 = 0 the following quantities should be finite:
Thus, the renormalization conditions in one-particle sector imply that the expressions in first and second square brackets (40) vanish. The demand of finiteness of both one-particle spectra E (±)
A (k) of A-system leads to relations (for B,C-systems only the conditions following from analog of (40) take place):
To write the formal solution of (18) in momentum representation for arbitrary "bare" spectra we define: q) ), for the scattering eigenfunctions with fixed parity (angular momentum) l = 0, 1 and spin J=0,1, defined in symmetrical basis (σ j , j = 1, 2, 3 -usual Pauli matrices): (46) where
(− k) βα ; and then l = J = 0, 1;
αβ ;
one has the following expressions:
;
where projectors are
The bound state wave functions look like simple residues of scattering ones Φ
Let the bound state equation (49), for orbital momentum l = 0, spin J=0, as well as for the "Toy" model (29), serve as a dimensional transmutation condition. For particles with identical quadratic spectra (21), with the help of the simple relations for integrals (43):
it reads:
Let us point out, that the limit Λ → ∞ must be performed here after carrying out k-integrations. Now the finiteness of b implies the existence of solutions z 0 = 0 what, together with (39), (40), gives the following fine-tuning relations:
for:
The renormalized half-off-shell T-matrix for l = 0 (47) after simple subtraction in denominator:
and under the fine-tuning conditions (54) takes the form :
Moreover, it is not hard to check the same subtraction procedure leads the same limiting expression for off-shell T-matrix:
Corresponding bound state wave function with l = 0 has the same form as for the "Toy" case (24). Note that for the case at hand the Galileo invariance which means independence on P of both scattering and bound state eigenfunctions again is restored manifestly only due to the applied renormalization procedure. The same result (57) takes place also for B and C systems.
Self consistent boundary-renormalization conditions, generalizing the (25), for this solution may be chosen as following:
For l = 1 T-matrix (48) becomes:
and for γ 0 = 1 it tends to zero like Λ −3 when Λ → ∞. So, there are no any scattering and bound states with l = 1 for such extension, determined by (37), (38), (39), (54), (56).
To find another extension let us apply the above described renormalization procedure directly to the case l = 1. The denominator of (60) with q → ib 1 , b 1 = Λy gives the transmutation conditions of the type: y 3 − 3ξy 2 − ξ (3/(2γ) − 1) = 0, y 0 = 0, which mean that γ 0 = 3/2. Then the finiteness of M 0 leads to the requirements: G 0 = G 1 = ν 0 = ν 1 = 0. However, for this case both T-matrices T (0)± P (q; k), T
(1)± P (q; k) tend to zero like Λ −1 . So, such extension is completely equivalent to the free Hamiltonian.
The second possibility is to choose the finite "bare" mass. Thus G 0,1 = ν 0,1 = 0,
Here the first and second square brackets must vanish again, but this could not be fulfilled for both spectra in A-system simultaneously. By the same way as above we come to the transmutation condition for the case (−) of A -spectrum :
Now the scattering and bound state solutions look the same as for the "Toy" model (24):
ForÃ (+) case such kind of renormalization and bound state are impossible if m remains finite. The scattering and bound state for l = 1 here is absent again. The same results are also true for B and C systems. Besides B-system corresponds here to the (−) case, whereas C-system, to the (+) one. Obviously, we recognize here the extension from the previous section with β = 0, however the respective general case (33), (34), (35) is reproduced by the formulas (57) -(60) only qualitatively: they give only the same number of bound states and absence of any interaction for l = 1, but expressions (57) and (33) for T-matrix with l = 0 are essentially different.
Discussion
The conditions (54), (56), (55) are opposite to (41), (42). So, in the frameworks of Λ-cutoff prescription in A-system it seems impossible to have renormalized bound (and scattering) eigenstates of the identical particles and finite spectra for particles of both type simultaneously. However, for B and C-systems the both one-and two-particle sectors are simultaneously well defined by this way. On the other hand, there are no obstacles for A-system also to derive them in the form (57), (65), as well as (33), (34), by the methods of theory of self-adjoint extension in the appropriate functional space [6] , [7] , [8] . Really, it was point out by Berezin [9] , that (for three-dimensional case) the Λ-cut-off prescription may be used only to pick out the unique extension among the different possible ones. As was shown in [7] the solutions (57), (65), (33) realize different self-adjoint extensions corresponding to operator (30), but the Λ-cut-off prescription now separates only (57) or (65). In any case the real α 0 and β or Υ and b are arbitrary parameters of self-adjoint extension which may be formally partially expressed via parameters of formal Λ-dependence of "bare" quantities by fine tuning relations (39), (64). It is easy to show similarly to (26), (27) , that, strictly speaking, the solutions (33), (57), imply a self-adjoint extension for restricted on relevant subspace of L 2 initial free Hamiltonian to extended Hilbert space L 2 ⊕ C 1 with different structure of additional space C 1 . The additional discrete component of eigenfunctions "improves" their scalar product, it is completely defined by the same parameters of self-adjoint extension but does not affect on physical meaning of obtained solution in ordinary space [7] , [8] .
Conclusions
So, we have formulated several unambiguous renormalization procedures to extract a renormalized dynamics from "nonrenormalizable" contact four-fermion current-current interaction that are selfconsistent in one-and two-particle sector and intimately connected with construction of self-adjoint extensions of corresponding quantum mechanical Hamiltonian and restoration of Galileo invariance. The point is that additional boundary conditions determining the self-adjoint extension in two-particle sector play a role of renormalization conditions. The Λ-cut-off prescription having one renormalization for that problems is explicitly demonstrated.
We find three unitary -inequivalent operator realizations of four-fermion Hamiltonian in which the two-particle eigenstates' problem can be studied and solved exactly, and show that spontaneous symmetry breaking and existence of corresponding Goldstone modes are inalienable properties of fermion current-current interaction for vector current with rich enough symmetry.
The problems discussed here for nonrelativistic field theories could take place also for relativistic ones. So, it seems reasonable that the renormaliziation procedure for relativistic case also may be meaningful beyond perturbation theory and may be formulated like additional boundary condition for solutions of Bete-Salpeter equation. However, it is well-known [10] , that formulation of such conditions is a separate unsolved problem of quantum field theory.
